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Abstract 

This study analyzes projectile motion, examining the shift from vacuum trajectories to paths affected by 

aerodynamic drag. While parabolic solutions describe vacuum motion, drag creates nonlinear differential 

equations without closed-form solutions. The Forward Euler method in Python provides computational 

simulation of ballistic motion. The evolution of ballistic theory progressed from Aristotelian concepts through 

Tartaglia's curved trajectories to Newtonian mechanics. Euler's method derives from Taylor series expansions, 

analyzing Truncation Errors and stability criteria. The study compares Python loops with NumPy vectorized 

operations for performance. Simulations test Euler's accuracy against vacuum solutions and examine Stokes 

and Newtonian drag regimes. Reynolds number-dependent coefficients and the "drag crisis" were modeled, 

demonstrating complex aerodynamic effects. Sensitivity analysis revealed Euler’s limitations: coarse time 

steps reduced accuracy, whereas finer steps increased the computational cost. The conclusion underscores 

Euler’s pedagogical value but recommends higher-order solvers, such as Runge-Kutta, for precise ballistic 

modeling. 
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Introduction 

The Deterministic Nature of Ballistics and the Limits of Analysis: 

Classical mechanics is fundamentally based on the principle of determinism, which posits that with 

comprehensive knowledge of a system's initial conditions and the forces acting upon it, its future trajectory 

can be uniquely determined. Projectile motion serves as a quintessential example of this framework, bridging 

everyday experiences with mathematical abstraction. From ancient arrows to contemporary satellites, the 

study of trajectories under the influence of gravity has captivated scholars for centuries. In its idealized form—
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disregarding air resistance, assuming a flat Earth, and uniform gravitational force—the problem allows for 

elegant analytical solutions. Galileo demonstrated that horizontal and vertical motions are independent, 

resulting in parabolic trajectories where x(t) is linear and y(t) is quadratic. However, this simplicity is 

applicable only in vacuums or at low velocities where atmospheric effects are negligible. In reality, complexity 

arises due to the atmosphere, which, with its variable density and viscosity, exerts drag forces that disrupt 

parabolic symmetry. Drag couples the horizontal and vertical components, opposing velocity in both 

directions. Consequently, the equations transition from linear second-order forms to non-linear coupled 

systems. Historically, this non-linearity necessitated reliance on empirical tables, approximations, and 

corrections, as exact solutions were unattainable. The quadratic drag term (V2), in particular, posed an 

analytical challenge, solvable only in specific cases. Thus, projectile motion exemplifies both the success of 

deterministic mechanics and the challenges introduced by fluid resistance, thereby motivating contemporary 

numerical approaches. 

The Computational Turn in Physics: 

Digital computation in the mid-20th century transformed physics by enabling numerical solutions to complex 

non-linear ODEs that defy analytical integration, establishing computation as a third pillar of science alongside 

theory and experiment. At the foundation lies the Euler method, introduced by Leonhard Euler in 1768, which 

discretizes continuous dynamics into successive tangent line approximations. Though limited in accuracy 

compared to modern algorithms like Runge-Kutta or symplectic integrators, Euler’s method remains 

pedagogically vital. Its simplicity illuminates the principles of discretization, error propagation, and stability, 

serving as the conceptual “Hello World” of computational dynamics and a gateway to advanced numerical 

techniques. 

The Intersection of Physics and Software Engineering: 

Implementing Euler’s method today is both a mathematical and software engineering challenge. Performance 

depends heavily on programming language and data structures, with Python dominating scientific computing 

due to its readability and powerful ecosystem, including NumPy and Matplotlib. Yet Python’s interpreted 

nature introduces overhead in large-scale simulations. Thus, Euler’s method becomes a case study in 

optimization: contrasting naive iterative loops, hindered by interpretation costs, with vectorized 

implementations that exploit SIMD paradigms and optimized C-backends. Efficient ODE solutions demand 

more than discretization—they require a synthesis of physical intuition, mathematical rigor, and algorithmic 

efficiency to balance accuracy, scalability, and computational performance. 

Scope and Objectives: 

1. This research paper aims to provide a definitive, expert-level guide to implementing and analyzing Euler’s 

method for projectile motion. The scope encompasses: 

1. Historical Context: Tracing the intellectual lineage of projectile theory from Aristotle to Newton to 

understand the magnitude of the shift from qualitative to quantitative dynamics. 

2. Theoretical Formulation: Deriving the exact equations of motion for projectiles subject to gravity, 

linear (Stokes) drag, and quadratic (Newtonian) drag, including the Reynolds number dependence of 

the drag coefficient. 

http://www.ijsate.com/


International Journal of Science, Architecture, Technology, and Environment     Volume 03, Issue 01, January 2026 
ISSN 3048-8222 (Online) |  www.ijsate.com | editor@ijsate.com 

527 

3. Numerical Theory: Rigorously deriving the Forward Euler scheme from Taylor series expansions, 

quantifying its Local and Global Truncation Errors, and defining its stability regions using complex 

analysis. 

4. Computational Implementation: Developing a robust Python simulation framework, comparing 

scalar implementations with optimized vectorized approaches using NumPy, and discussing floating-

point arithmetic limitations. 

5. Performance and Error Analysis: Systematically benchmarking the method’s accuracy against 

known analytical solutions and characterizing its behavior under varying simulation parameters and 

drag regimes. 

Literature Review: From Impetus to Algorithms 

1.The Aristotelian Paradigm and the Problem of Motion 

The history of projectile motion is the history of mechanics itself. In Greek antiquity, Aristotle divided 

motion into two distinct categories: natural motion and violent motion. Natural motion was the tendency of 

elements (earth, water, air, fire) to return to their natural resting places; for a stone (earth), this was towards 

the center of the universe (the Earth). Violent motion, such as throwing a stone, required an external mover. 

Aristotle posited that the projectile moved only as long as it was in contact with the mover. To explain why a 

stone continues to fly after leaving the hand, he proposed the theory of antiperistasis, suggesting the air rushed 

behind the projectile to push it forward.    

This theory led to a model where projectiles moved in straight lines until the "force" was exhausted, at 

which point they fell vertically. This "right-angle" trajectory was clearly contradicted by observation, yet the 

authority of Aristotelian physics maintained its dominance for nearly two millennia. 

2.Medieval Impetus Theory and Tartaglia’s "New Science": 

By the 6th century, scholars like John Philoponus began to critique Aristotle, arguing that the mover 

imparts a motive power—later termed impetus by Jean Buridan in the 14th century—to the projectile itself. 

This internal quality sustained the motion but was gradually corrupted by air resistance and gravity.    

The true mathematical breakthrough occurred in the 16th century with Niccolò Tartaglia. In his work Nova 

Scientia (1537), Tartaglia applied geometry to ballistics. He was the first to assert that no part of a trajectory 

is truly straight, contradicting the Aristotelian view. He recognized that the "violent" motion of the launch and 

the "natural" motion of gravity acted simultaneously, resulting in a curved path throughout the 

flight. Tartaglia’s work was crucial in bridging the gap between the qualitative medieval physics and the 

quantitative renaissance, although he lacked the calculus to define the curve precisely.  

3.Galileo, Newton, and the Classical Synthesis: 

Galileo Galilei formalized the study of kinematics. Through his inclined plane experiments and theoretical 

abstractions, he decomposed projectile motion into two independent components: horizontal motion (which, 

by the principle of inertia, remains constant in the absence of resistance) and vertical motion (which 

undergoes uniform acceleration due to gravity).1 Galileo proved that the superposition of these motions 

results in a parabola. This was an idealization, explicitly neglecting air resistance, but it provided the first 

mathematical backbone for ballistics. 
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Isaac Newton, in his Principia Mathematica (1687), brought the necessary tools of calculus to address the 

"resistance of the medium." Newton formulated the laws of drag, proposing that resistance could be 

proportional to velocity  or velocity squared , depending on the nature of the fluid and the speed of the object.5 

He demonstrated that while linear drag could be solved using logarithms (which we now express with 

exponentials), the quadratic drag typical of high-speed projectiles led to equations that could not be solved in 

terms of standard functions, necessitating the numerical approximations that Euler would later formalize. 

4.Numerical Integration in Mechanics: 

The literature on numerical analysis identifies a hierarchy of methods for solving ODEs. The Euler method 

is the simplest explicit one-step method. Comparative studies in physics education and engineering literature 

consistently highlight its limitations. 

• Accuracy: Euler is a first-order method (O(h)), meaning that to double the accuracy, one must double 

the number of steps (halve the step size). 

• Stability: It has a limited stability region. For stiff equations—such as those involving high drag 

coefficients or rapid deceleration—Euler requires prohibitively small time steps to avoid oscillation 

and divergence. 

• Energy Conservation: Euler is not a symplectic integrator. It does not conserve phase-space volume, 

leading to a drift in energy (usually energy growth in oscillatory systems, or artificial dissipation in 

others) over time. 

Advanced methods like the Runge-Kutta 4th Order (RK4) are standard in professional applications because 

their error scales as O(h4), allowing for much larger time steps and greater efficiency. However, Euler remains 

the pedagogical foundation; understanding RK4 is impossible without first mastering Euler. 

Theoretical Framework 

Physics of Projectile Motion with Drag 

The motion of a projectile is governed by Newton's Second Law, 𝐹⃗ = 𝑚𝑎⃗. The forces acting on the projectile 

are gravity (𝐹⃗𝑔) and aerodynamic drag (𝐹⃗𝑑). 

The gravitational force is constant (assuming small altitude changes relative to Earth's radius) and acts 

downwards: 

𝐹⃗𝑔 = −𝑚𝑔𝑗̂ 

where 𝑚 is the mass, 𝑔 is the acceleration due to gravity (9.81 𝑚/𝑠2), and 𝑗̂ is the unit vector in the vertical 

direction. 

The Vector Nature of Drag 

The drag force always acts in the direction opposite to the instantaneous velocity vector 𝑣⃗. This vector 

opposition is critical: it couples the 𝑥 and 𝑦 components. We cannot simply calculate drag in 𝑥 based on 𝑣𝑥  and 

drag in 𝑦 based on 𝑣𝑦 . The total velocity magnitude 𝑣 = √𝑣𝑥
2 + 𝑣𝑦

2 determines the magnitude of the drag force, 
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which is then projected onto the axes. 

Quadratic Drag Model: 

|𝐹⃗𝑑| =
1

2
𝐶𝑑𝜌𝐴𝑣2 

To express this as a vector opposing velocity: 

𝐹⃗𝑑 = −|𝐹⃗𝑑|𝑣̂ = −(
1

2
𝐶𝑑𝜌𝐴𝑣2)

𝑣⃗

𝑣
= −

1

2
𝐶𝑑𝜌𝐴𝑣𝑣⃗ 

Note that the term is 𝑣𝑣⃗. This ensures the magnitude is proportional to 𝑣2 while the direction is −𝑣⃗. 

The System of Coupled ODEs: 

Combining the forces: 

∑F = Fg + Fd 

Dividing by 𝑚 to solve for acceleration, and defining the ballistic coefficient factor 

𝐷 =
𝐶𝑑𝜌𝐴

2𝑚
 

:𝑎⃗ = −𝑔𝑗̂ − 𝐷𝑣𝑣⃗ 

Decomposing this into Cartesian components (𝑥 horizontal, 𝑦 vertical) yields the system of second-order non-

linear ODEs 

Equation 1 (Horizontal Acceleration): 

𝑑2𝑥

𝑑𝑡2
= 𝑎𝑥 = −𝐷√𝑣𝑥

2 + 𝑣𝑦
2 ⋅ 𝑣𝑥  

Equation 2 (Vertical Acceleration): 

𝑑2𝑦

𝑑𝑡2
= 𝑎𝑦 = −𝑔 − 𝐷√𝑣𝑥

2 + 𝑣𝑦
2 ⋅ 𝑣𝑦 

These equations reveal the complexity: 𝑎𝑥  depends on 𝑣𝑦 , and 𝑎𝑦 depends on 𝑣𝑥 . They must be solved 

simultaneously. 

Numerical Discretization: The Forward Euler Method 

To solve these second-order ODEs numerically, we must first reduce them to a system of first-order ODEs. This 

is a standard procedure in numerical analysis. We define the state vector 𝐒(𝑡) containing all necessary 

information to predict the future: 
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𝐒(𝑡) =

[
 
 
 
𝑥(𝑡)

𝑦(𝑡)
𝑣𝑥(𝑡)

𝑣𝑦(𝑡)]
 
 
 

 

The time derivative of the state vector is: 

𝑑𝐒

𝑑𝑡
= 𝐅(𝑡, 𝐒) =

[
 
 
 

𝑣𝑥

𝑣𝑦

𝑎𝑥(𝑣𝑥 , 𝑣𝑦)

𝑎𝑦(𝑣𝑥 , 𝑣𝑦)]
 
 
 
= [

𝑣𝑥

𝑣𝑦

−𝐷𝑣𝑣𝑥

−𝑔 − 𝐷𝑣𝑣𝑦

] 

Mathematical Derivation from Taylor Series 

Euler method is derived from the definition of the derivative and the Taylor series expansion. Consider a 

generic scalar variable 𝑢(𝑡) governed by 𝑢′ = 𝑓(𝑡, 𝑢). The Taylor series expansion of 𝑢 around 𝑡 is: 

𝑢(𝑡 + ℎ) = 𝑢(𝑡) + 𝑢′(𝑡)ℎ +
𝑢″(𝑡)

2!
ℎ2 +

𝑢‴(𝑡)

3!
ℎ3 + ⋯ 

where ℎ is a small time step (𝑑𝑡). 

Substituting 𝑢′(𝑡) = 𝑓(𝑡, 𝑢): 

𝑢(𝑡 + ℎ) = 𝑢(𝑡) + 𝑓(𝑡, 𝑢)ℎ +
𝑢″(𝑡)

2
ℎ2 + 𝑂(ℎ3) 

The Forward Euler method approximates the next value 𝑢𝑛+1 by truncating the series after the linear term 

𝑢𝑛+1 ≈ 𝑢𝑛 + 𝑓(𝑡𝑛, 𝑢𝑛)ℎ 

Error Analysis: Local vs. Global 

It is crucial to distinguish between two types of errors in numerical integration. 

Local Truncation Error (LTE): The LTE is the error introduced in a single step, assuming the value at the 

beginning of the step was exact. Looking at the Taylor series, the dominant term we dropped is the quadratic 

term: 

LTE =
𝑢″(𝜉)

2
ℎ2 = 𝑂(ℎ2) 

where 𝜉 is some time between 𝑡 and 𝑡 + ℎ. Thus, for one step, the error scales with the square of the time step. 

Global Truncation Error (GTE):The GTE is the accumulated error at a specific final time 𝑇. To reach time 𝑇, 

we must take 𝑁 = 𝑇/ℎ steps. Roughly speaking, the errors accumulate additively: 
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GTE ≈ ∑ LTE𝑖

𝑁

𝑖=1

≈ 𝑁 × 𝑂(ℎ2) =
𝑇

ℎ
× 𝐾ℎ2 = 𝐾𝑇ℎ = 𝑂(ℎ) 

Consequently, the Euler method is a First-Order Method. If we reduce the step size ℎ by half, the global error 

is reduced by half. This is relatively poor convergence compared to RK4 (𝑂(ℎ4)), where halving the step size 

reduces error by a factor of 16. 

Stability Analysis and the Complex Plane 

Stability refers to the behavior of errors over time: do they decay (stable) or grow (unstable)? We analyze this 

using the linear test equation 𝑦′ = 𝜆𝑦, where 𝜆 represents the eigenvalues of the Jacobian of our system.The 

Euler update is: 

𝑦𝑛+1 = 𝑦𝑛 + ℎ𝜆𝑦𝑛 = (1 + ℎ𝜆)𝑦𝑛 

For the solution to remain bounded, the amplification factor must satisfy: 

|1 + ℎ𝜆| ≤ 1 

In the complex plane (𝑧 = ℎ𝜆), this inequality |1 + 𝑧| ≤ 1 describes a circle of radius 1 centered at (−1,0).For 

projectile motion with drag, the eigenvalues typically have negative real parts (representing energy 

dissipation/damping). 

• If ℎ is too large, ℎ𝜆 falls outside this circle. The numerical solution will oscillate with increasing 

amplitude, eventually reaching infinity ("blowing up"). 

• This places a "speed limit" on our simulation: ℎ must be small enough to stay within the stability 

region. Specifically, for drag 𝐹 ∝ −𝑣2 , high velocities create large effective stiffness (large 𝜆), requiring 

very small time steps to maintain stability 

 

Methodology: Computational Implementation 

The implementation of Euler’s method requires bridging the gap between mathematical abstraction and 

machine architecture. This section details the development of a Python-based simulation engine. We explore 

two distinct implementation strategies: a scalar loop typical of introductory programming, and a vectorized 

implementation leveraging NumPy's memory layout. 

Simulation Parameters and Physical Constants: 

To ensure the simulation models reality, we select parameters corresponding to a standard Major League 

Baseball (MLB). This provides a relatable macroscopic object in the quadratic drag regime (𝑅𝑒 ≈ 105). 
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Table 1: Physical Parameters for Simulation 

Parameter Value Unit Source 

Mass 0.145 kg Standard Baseball 

Radius 0.037 m Standard Baseball 

Cross-sectional Area 0.0043 m2 Derived (πr2) 

Drag Coefficient 0.35 Dimensionless  

Air Density 1.225 kg/m2 Sea Level (ISA) 

Gravity 9.81 m/S2 Earth Surface 

Initial Velocity 50.0 m/s Fast Pitch 

Launch Angle 45.0 Degrees Varied in Analysis 

The normalized drag factor 𝐷 used in the code is pre-calculated to save operations inside the loop: 

𝐷 =
𝐶𝑑𝜌𝐴

2𝑚
=

0.35 × 1.225 × 0.0043

2 × 0.145
≈ 0.00635 𝑚−1 

Pure Python Implementation (Scalar) 

he most direct translation of the Euler algorithm uses Python's native float types and list structures. This 

approach emphasizes readability and direct correspondence to the scalar equations derived in Section 

Python 

2. import math 

3.  

4. def simulate_projectile_scalar(v0, theta_deg, dt, Cd=0.35): 

5.     # 1. Define Constants 

6.     g = 9.81 

7.     rho = 1.225 

8.     mass = 0.145 

9.     radius = 0.037 

10.     area = math.pi * radius**2 

11.  

12.     # Pre-compute drag factor to minimize operations in loop 

13.     # Force_drag = 0.5 * rho * Cd * A * v^2 

14.     # Accel_drag = (0.5 * rho * Cd * A / m) * v^2 

15. drag_factor = 0.5 * rho * Cd * area / mass 

16.  

17.     # 2. Initialize State Variables 

18.     # Convert angle to radians 

19. theta_rad = math.radians(theta_deg) 

20.  

21.     # State: x, y, vx, vy 

22.     x = 0.0 
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23.     y = 0.0 

24. vx = v0 * math.cos(theta_rad) 

25. vy = v0 * math.sin(theta_rad) 

26.  

27.     t = 0.0 

28.  

29.     # List to store trajectory history 

30.     # Storing tuples (t, x, y, vx, vy) 

31.     history = [(t, x, y, vx, vy)] 

32.  

33.     # 3. Integration Loop 

34.     while y >= 0: 

35.         # Calculate instantaneous velocity magnitude 

36.         v = math.sqrt(vx**2 + vy**2) 

37.  

38.         # Calculate Drag Acceleration components 

39.         # ax = -D * v * vx 

40. ax = -(drag_factor * v * vx) 

41.         ay = -g - (drag_factor * v * vy) 

42.  

43.         # Euler Update Step (State Update) 

44.         # Position updates use OLD velocity (Forward Euler) 

45. x_new = x + vx * dt 

46. y_new = y + vy * dt 

47.  

48.         # Velocity updates use computed acceleration 

49. vx_new = vx + ax * dt 

50. vy_new = vy + ay * dt 

51.  

52.         # Update current state 

53.         x = x_new 

54.         y = y_new 

55. vx = vx_new 

56. vy = vy_new 

57.         t += dt 

58.  

59. history.append((t, x, y, vx, vy)) 

60.  

61.     return history 

Critique of Approach A: 

• Pros: Highly readable; no external dependencies; easy to debug; explicitly shows the logic. 
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• Cons: Python is an interpreted language. In this loop, every arithmetic operation (+, *) triggers a type 

check and method dispatch. The overhead of the interpreter is significant. For high-precision 

simulations requiring𝑑𝑡 = 10−5 (millions of steps), this loop will be slow. 

Handling Floating Point Precision: 

Acritical, often overlooked aspect of numerical implementation is IEEE 754 floating-point arithmetic. 

• Round-off Error: Computers cannot represent all real numbers perfectly. Each operation introduces 

a tiny error (𝜖 ≈ 10−16 for 64-bit floats). 

• The Step Size Dilemma: We want to decrease 𝑑𝑡 to reduce Truncation Error (theory says error ∝ 𝑑𝑡). 

However, as 𝑑𝑡 → 0, the number of steps 𝑁 → ∞. Eventually, the accumulation of billions of round-off 

errors begins to dominate the reduction in truncation error. 

• Optimal Step: There is a theoretical minimum total error at some 𝑑𝑡𝑜𝑝𝑡. For Euler's method with 64-

bit floats, this is typically around 10−8 to 10−9 seconds, below which accuracy degrades. 

Analysis and Discussion 

Validation: The Vacuum Baseline: 

To validate the code, we first set 𝐶𝑑 = 0 (turning off drag) and compare the numerical output to the exact 

analytical solution. 

• Parameters: 𝑣0 = 50 𝑚/𝑠, 𝜃 = 45∘, Vacuum. 

• Analytical Range: 𝑅 =
𝑣0

2sin(2𝜃)

𝑔
=

2500⋅1

9.81
≈ 254.84 𝑚. 

Table 2: Euler Method Accuracy vs. Step Size (Vacuum): 

Step Size (dt) [s] Steps Taken Calculated Range [m] Absolute Error [m] Relative Error [%] 

1.000 8 278.41 +23.57 9.25% 

0.100 73 257.24 +2.40 0.94% 

0.010 721 255.08 +0.24 0.09% 

0.001 7210 254.86 +0.02 0.01% 

 

Analysis: The results perfectly illustrate the first-order convergence of the Euler method. 

• When 𝑑𝑡 is reduced by a factor of 10 (1.0 → 0.1), the error reduces by roughly a factor of 10 (23.57 → 

2.40). 

• The method consistently overshoots the target. Why? The Euler method assumes the velocity is 

constant for the duration of the step. In reality, gravity is continuously curving the path downwards. 
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By projecting a straight tangent line, the projectile travels slightly further and higher than it should 

before the slope is updated in the next step. 

The Physics of Drag: Trajectory Analysis: 

Enabling drag (𝐶𝑑 = 0.35) fundamentally alters the motion. Running the simulation with 𝑑𝑡 = 0.001𝑠: 

• Vacuum Range: 254.8 m 

• Drag Range: 132.4 m 

Insight 1: Range Reduction and Energy DissipationThe range is reduced by approximately 48%. This 

demonstrates why neglecting air resistance is physically indefensible for sports ballistics or artillery. The 

kinetic energy is dissipated into the atmosphere as heat and turbulence. 

Insight 2: Trajectory AsymmetryA vacuum trajectory is a symmetric parabola. The drag trajectory is 

asymmetric. 

• Ascent: The projectile fights both gravity and high drag (since 𝑣 is high). It rises steeply. 

• Descent: On the way down, the projectile has lost significant energy. The horizontal velocity 

component (𝑣𝑥) has decayed exponentially. The projectile falls almost vertically at the end of its flight. 

• Implication: In artillery spotting, the angle of impact is much steeper than the angle of launch. 

Insight 3: Shift in Optimal Launch AngleIn a vacuum, 45∘ maximizes range. We ran a batch simulation (using 

the vectorized approach) for angles 30∘ to 50∘. 

• Result: The maximum range with drag occurs at approximately 40∘. 

• Reasoning: A lower angle keeps the projectile closer to the ground, minimizing the flight time. Since 

drag acts over time to sap energy, reducing flight time preserves velocity. Furthermore, a 45∘ shot has 

a higher vertical component, which contributes to total speed 𝑣, thereby increasing the drag force 

(𝐹𝑑 ∝ 𝑣2) acting on the horizontal component as well. A lower shot "slices" through the air more 

efficiently. 

Numerical Stability and the "Exploding" Simulation: 

we essentially "broke" the simulation by increasing dt. 

Scenario: We launch a projectile at extremely high velocity (𝑣0 = 1000 𝑚/𝑠) to create a stiff system (high drag 

forces). 

Observation: 

• At 𝑑𝑡 = 0.01, the trajectory is smooth. 

• At 𝑑𝑡 = 0.5, the trajectory becomes jagged. 

• At 𝑑𝑡 = 1.0, the simulation fails. The projectile oscillates wildly, gaining energy in each step until 

velocities reach 𝑁𝑎𝑁 or Infinity. 

Mechanism: In the Euler step 𝑣𝑛𝑒𝑤 = 𝑣𝑜𝑙𝑑 − (𝑘𝑣𝑜𝑙𝑑
2 )𝑑𝑡, if the term (𝑘𝑣𝑜𝑙𝑑

2 )𝑑𝑡 is larger than 2𝑣𝑜𝑙𝑑 , the velocity 

http://www.ijsate.com/


International Journal of Science, Architecture, Technology, and Environment     Volume 03, Issue 01, January 2026 
ISSN 3048-8222 (Online) |  www.ijsate.com | editor@ijsate.com 

536 

doesn't just reduce to zero; it flips sign and becomes larger in magnitude in the opposite direction. In the next 

step, the drag force (squaring this new, larger velocity) is even more massive, flipping it back and increasing 

the magnitude further. This is the hallmark of numerical instability in explicit methods. 

Performance Comparison: Python vs. NumPy vs. C: 

While we implemented this in Python, it is valuable to contextualize the performance. Based on the literature 

and typical benchmarks: 

1. Pure Python Loop: ∼ 105 steps/sec. Limited by interpreter overhead. 

2. NumPy (Single Trajectory): ∼ 0.5 × 105 steps/sec. Slower due to overhead of dispatching C-functions 

for small arrays. 

3. NumPy (Batch - 10,000 trajectories): ∼ 107 effective steps/sec. Massive speedup due to SIMD and 

amortized overhead. 

4. Compiled C/Fortran: ∼ 108 steps/sec. The "speed of light" for this calculation. 

For a single projectile simulation, the pure Python loop is surprisingly efficient and sufficient. For Monte Carlo 

analysis (e.g., "Where will the ball land given 1000 random wind variations?"), NumPy vectorization is 

mandatory. 

 

Conclusion 

The implementation of Euler’s method for projectile motion serves as a microcosmic study of computational 

physics. It requires the synthesis of historical physical laws, mathematical approximation theory, and software 

engineering. 

This report has demonstrated that: 

1. Physical Reality requires Computation: The transition from linear vacuum models to non-linear 

drag models (𝐹 ∝ 𝑣2) necessitates numerical solution. The analytical tools of Newton and Galileo are 

insufficient for the messy reality of fluid dynamics. 

2. Euler is Intuitive but Inefficient: While Euler’s method successfully reproduces the qualitative 

behaviors of drag (asymmetry, range reduction, terminal velocity), its linear error convergence 

(𝑂(ℎ)) makes it computationally expensive for high-precision tasks. To achieve engineering-grade 

accuracy, the time step must be vanishingly small. 

3. Stability is the Hard Constraint: The explicit nature of Forward Euler creates a strict stability 

boundary. In regimes of high aerodynamic stress (stiff systems), the method is prone to catastrophic 

divergence, necessitating extremely conservative time steps. 

Future Directions and Recommendations:For professional applications—such as ballistic missile guidance 

or realistic game physics engines—Euler’s method is rarely used in isolation. It is recommended to employ 

higher-order solvers. The Runge-Kutta 4 (RK4) method offers a superior trade-off, providing 𝑂(ℎ4) accuracy 

and much larger stability regions for only four times the computational cost per step. Alternatively, Symplectic 

Integrators (like Velocity Verlet) should be used for orbital mechanics or systems where energy conservation 

is paramount. 
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Nevertheless, Euler’s method remains the indispensable first step. It is the derivation of Euler that teaches the 

physicist that space and time can be discretized, and it is the failure of Euler that teaches the engineer the 

importance of stability and convergence. 
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