International Journal of Science, Architecture, Technology, and Environment Volume 02, Issue 12, December 2025
ISSN 3048-8222 (Online) | www.ijsate.com [ editor@ijsate.com

International Journal of

Science, Architecture, Technology and Environment

0Odd-Even Congruence Labelling of Some Well-Known Graphs

Rituraj!*, Shambhu Kumar Mishra?

1Research Scholar, Patliputra University, Patna
2Professor, Patliputra University, Patna

DOI: https://doi.org/10.63680/ijsate1125022.017

Abstract

Introduction: In the field of graph theory, graph labelling is one of the fastest growing area. A graph labeling
is defined as an assignment of integers to the nodes or edges or both based on certain conditions. Many types
of graph labeling techniques have been studied by several authors.

Objectives: The application of labelling of graphs has diverse fields in the study of the data base
management, secret sharing schemes, physical cosmology, debug circuit, X-ray, crystallography, astronomy,
radar and much more.

Methods: This paper is based on Odd-even congruence labeling of different types of graphs. The vertices and
edges are labeled by an assignment of natural numbers. It is based on modular arithmetic property known
as congruence graph labelling of a graph. In congruence graph labelling vertices are assigned by odd integers
and edges are assigned by even integers with the property of congruence labelling.

Results: This labeling method has been identified on tadpole graph, pan graph, generalized Petersen graph,
wheel graph.

Keywords: Labeling, Congruence labeling, Odd-even congruence labeling.

1. Introduction

In this paper all graphs G considered as finite, undirected, connected and without loops. The vertices and edges
of a graph G denoted by V(G) and E(G) respectively. The cardinality of vertex set is denoted by |V(G)| and
the edge set is denoted by |E(G)| are called the order and size of the graph G. For standard terminology of
Graph Theory we used [1]. For all detailed survey of graph labeling, we refer [2]. While studying graph theory,
one that has gained a lot of popularity during the last 62 years is the concept of labeling of graphs due to its
wide range of applications. A labeling of a graph G is one-to-one mapping that carries the set of graph elements
onto a set of numbers, called labels. In 1967, Rosa [5] published a pioneering paper on graph labeling
problems. Thereafter many types of graph labeling methods have been studied by several authors.

Odd-even congruence labeling introduced by G.Thamizhendhi and K.Kanakambika [6] and they proved
behaviour of several graphs like bipartite graph, comb graph, star graph, graph acquired by connecting two
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copies of even cycle C,. by a path P, , shadow graph of the path P, and the tensor product of K, ; & P, as Odd-
even congruence graph. They defined an odd-even congruence graph, if vertex and edge set are assigned by
distinct odd and even integers respectively, further f(up) = f(uq) (mod g(e)) , U, and u, are adjacent
vertices in G. In this paper we investigate the existence of Odd-even congruence labeling for tadpole graph,
pan graph, generalized petersen graph and wheel graph.

2.Preliminaries

Definition 2.1 [12] A tadpole graph is a type of graph formed by connecting a cycle to a path with a single
edge. In other words, it looks like a “head” (the cycle) attached to a “tail” (the path), resembling the shape of a
tadpole. If the cycle has n vertices and the path has m vertices, the graph is often denoted as T (n, m).

Definition 2.2 [13] When we join a cyclic graph C,, to a singleton graph K; with a bridge then a new graph will
be formed known as n — pan graph.

Definition 2.3 The generalized Petersen graph introduced by Watkins. According to Watkins for any integer
n=>3and k € {1,2, s I@J}, the generalized Petersen graph denoted as GP(n, k) and defined as by the
vertexsetV = {u;,v; : 1 < i < n}andthe edge set E = {w,u;p , UiV; ,V;Vi4q : 1 < i < nj.

Definition 2.4 [2] A wheel W, is a graph obtained from a graph with single vertex v and a cycle C, , by
connecting all vertices of C, to v. The vertex corresponding to v is known as apex and vertices corresponding

to cycle are known as rim vertices while the edges corresponding to cycle are known as rim edges.

3.Main Results

Theorem 3.1 The tadpole graph T (n, m) is an Odd-even congruence graph.

Proof:
Suppose eq,€y, . e e e .., €y be edges and vy, vy, .o vee .., v, be vertices of a cycle €, and
€n42) Crg3s eer wee wee ven ooy Enam DE €AgES AN V)41, Viyo) e woe von en oo, Upan bE Vertices of path B,.

To construct tadpole graph T'(n, m) join path B, to the vertex V,, of cycle C,, by an edge e,,, 1.
Then |V (T(n,m))| =n+m
and |E (T(n,m))| =n+m
We have d = min{(n + m), (n + m)}

=n+m
The vertices of T (n, m) are labelled as given below.
Define the bijective function f;:V; = {1,3,7,15, e v ces esvev e e, 28— 1} 1< i <
as f(v) = 2t —1
and g(v;;,) = 21" -1, 1<i<m
Edges of tadpole are labelled as follows:
Sirep = {248, i
ass;(g;) = 2¢
fori1<i<n-1
s2(en) = If () = F@)|
s3(€i4n) = 24
fori+n<i<m
Clearly s, (e;) divides |f,(v;) — f1 (V4]
forl<i<n-1
S2 (en) divides |f(vn) - f(vl)l
s3(e;) divides |g(Ujyn) — 9 (Wisns+1)]
fori1<i<m-1
Hence the tadpole graph T'(n, m) admits an Odd-even congruence graph.
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Example: 3.2.
Consider a tadpole graph T(n,m) wheren =5and m = 2.

t

i 3 vy 1
® 2

=%
i
=

Figure 3.4

Fig:3.1 shows that graph T(n, m) admits odd-even congruence labelling.

Example: 3.3.
Consider a tadpole graph T(n,m) wheren = 6 and m = 4.

b

Figure 3.2
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Fig:3.2 shows that graph T'(n, m) admits odd-even congruence labelling.
Theorem 3.4 The n — pan graph is an Odd-even congruence graph.

Proof:
Suppose {Vq, Uz, Vs, cer vve vee ver e e ..Up, } be the vertex of the cycle graph C, and
{e1, €2, €3, v v vn e . en} where {e; = v;v;41 + 1 < i < n— 1} be the edges of the cycle graph C,,. Let

v be the vertices of the path of singleton bridge K; and let e be the edges of singleton bridge K;.
Define vertex labelling

fiv; - {3,715, ... .. ..... } aS
flop)=2*1—-1, 1<i<n

fw)=1

The induced edge labelling

f*:e; - {4816,.................... } such that
f*(eis1) = 2¢; , 1<i<n-2

frle) =4

frle)=2

fr(en) = 2f"(en-1) — 4

Now it is clear that f*(v;v;,,) divides |f (v;) — f (v;+,)| and

f*(e) divides |f(v) — f(v,)]

Therefore, the n — pan graph admits Odd-even congruence graph.
Example: 3.5.

Consider an — pan graph wheren = 4

'y 15

vy 31

Figure 3.3
Fig:3.3 shows that n —pan graph where n = 4 admits odd-even congruence labelling.

Example: 3.6.
Consider a n — pan graph wheren = 6
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vy 31

v 63 64 vg 127

Figure 3.4

Fig:3.4 shows that n —pan graph where n = 6 admits odd-even congruence labelling.
Theorem 3.7. Generalized Petersen graph GP(n, 1) is an Odd-even congruence graph.
Proof:
Suppose the vertex set of Petersen graph GP(n, 1) be defined as
V(GP(n, 1)) ={uv;: 1<i<n}
and the edge set of Petersen graph GP(n, 1) be defined as
E(GP(n, 1)) = {WUjpq, Uy U, WiV, ViV, 1Y, 21 <i<n—-1,1<j<n-1}
Where x; = w;u;q

Z; = W;v;

w; = v;v;,, respectively.
The vertex labelling defined as

fiu; » {1,357, oo e}

Where f(u;) =2'—1 fori1<j<n
flv) =2 -1 for1<j<n

The edge labelling defined as

fix; — {24816, ............. }

Where f(x;) = 2 fort<i<n-1
f(xn) = f(ul) - f(un)

6

f(z1) = 2f(xp) + 2
f(ziy1) = 2f(2) fori<i<n-1
fwy) = f(z) +2
fwie1) = 2f(wy) forl<i<n-2

f(Wn) = f(vl) - f(vn)
It is clear that
f(x;) divides |f(ujr1) — f(wy)| forl<i<n-2
f () divides |f (uq) — f(up)l
f(z) divides |f(u;) — f (vy)]
f(w) divides |f(v;) — f(v;41)] forl<i<n-1
f(wy) divides |f (v1) — f(w,)l

Therefore, we conclude that the generalized Petersen graph GP(n, 1) is an Odd-even congruence graph.

Example: 3.8.
Consider the Generalized Petersen graph GP(n, 1) forn = 4
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Figure 3.5

(5] 31

(5] 63

Fig:3.5 shows that the Generalized Petersen graph GP(n, 1) for n = 4 admits odd-even congruence labelling.

Example: 3.9.

Consider the Generalized Petersen graph GP(n, 1) forn = 6
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Figure 3.6

Fig:3.6 shows that the Generalized Petersen graph GP(n, 1) for n = 6 admits odd-even congruence labelling.
Theorem 3.10 The wheel graph W, is an Odd-even congruence graph.
Proof:
Suppose W, be the wheel with rim vertices vy, v,, ... ... e oo ..., 1, and an apex vertex v. Then |V (W,)| =n+
1
and |[E (W,)| =2n
We have d = min{(n + 1), 2n}

=n+1
Label the vertices and edges as follows:
Define the bijective function f;:V; = {3,7,15, ... o cev v e vee v }
asf(v) = 2v; +1
forl<i<n
Where v; =3andv=1
Let the apex vertex v labelled as 1.
Edges of W, are labelled as
giei— {481632 .}
as g(eiy1) = 2¢;
forl<i<n-1
Where e =4
Alsoe; =e; —e;_, fori=n
h(w;) ={2,6,14,30,62, ...}
as h(w; 1) = 2w; + 2
Where w; =2
Itis clearly that g(e;) divides |f(v;) — f (viz1)]
forl<i<n-1
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Also h(w;) divides |f(v) — f(v;)|

s3(e;) divides |g(ui+n) — 9(WUitn41)l

Hence wheel graph admits odd-even congruence labeling.
Example: 3.11.

Consider a wheel graph W, wheren = 4.

vy 31

Figure 3.7
Fig:3.7 shows that graph W}, admits odd-even congruence labelling.

Example: 3.12.
Consider a wheel graph W, wheren = 8.

vy 511

250

g 205

Figure 3.8

Fig:3.8 shows that graph W}, admits odd-even congruence labelling.
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Conclusion

The labelling of graphs is an interesting and vast research area which is very useful and it is extended in various
topics by several people. In this paper we have studied Odd-even congruence labeling behaviour of tadpole
graph, pan graph, generalized Petersen graph, wheel graph. To derive similar results for other graph families
is an open problem.
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